We consider an identity relating Fibonacci numbers to Pascal's triangle discovered by G. E. Andrews. Several authors provided proofs of this identity, most of them rather involved or else relying on sophisticated number theoretical arguments. We present a new proof, quite simple and based on a Riordan array argument. The main point of the proof is the construction of a new Riordan array from a given Riordan array, by the elimination of elements. We extend the method and as an application we obtain other identities, some of which are new. An important feature of our construction is that it establishes a nice connection between the generating function of the A−sequence of a certain class of Riordan arrays and hypergeometric functions.
Introduction
In this article we provide a new proof of an identity of Andrews, based on Riordan arrays. Several authors have already proved this identity using different types of argument (references are given below). Our reason to give a further proof is that we believe our idea is new and interesting on its own.
In our approach we establish a nice connection between the generating function of the A−sequence of a certain class of Riordan arrays and hypergeometric functions. This new connection with hypergeometric functions is probably in itself interesting and is one of the main features of this work. Our method involves constructing a new Riordan array from a given Riordan array by eliminating entire rows and parts of the remaining rows. In the proof of the identity of Andrews, this construction is applied to Pascal's triangle, but for the sake of illustrating the usefulness of our method, we make additional applications to Pascal's triangle as well as to other Riordan arrays, for example Catalan's triangle, obtaining a few more identities.
As a generalization of Pascal's, Catalan's, Motzkin's, and other triangles, D. G. Rogers introduced in 1978 ( [16] ) the concept of renewal array, which was further generalized to Riordan array by Shapiro et al. in 1991 ([19] ). Among other applications Riordan arrays turned out to be an extremely powerful tool in dealing with combinatorial identities. R. Sprugnoli in [20] used Riordan arrays to find several combinatorial sums in closed form and also to determine their asymptotic value. For additional applications of Riordan arrays to the evaluation in closed form of sums involving binomial, Stirling, Bernoulli, and harmonic numbers, see [23] . The Riordan array technique has also been employed to show that two combinatorial sums are equivalent, regardless of whether they have a closed form expression or not (see [24] ). An important problem that has occupied mathematicians for a long time is the inversion of combinatorial sums (see [15] ). The concept of Riordan array provided a powerful tool to prove a large class of inversions (see, for example, [4] and [22] ).
The paper is organized as follows. In the introduction we recall some basic results needed in the sequel. In Section 2 we develop our method of extracting new Riordan arrays from a given one. We also establish a connection between a certain class of Riordan arrays and hypergeometric functions. The ideas of Section 2 are applied in Section 3 to give a new proof of the identity of Andrews. Section 4 is devoted to additional applications of our method. As an illustration of our ideas, further identities are obtained. Identities of this type can often be proved directly, using generating functions and Lagrange's Inversion Formula. To show how this can be done, in Section 5 we give a direct proof of one of the identities obtained previously.
We begin by recalling Lagrange's Inversion Theorem, which is an important element needed in our study. Several forms of Lagrange's Inversion Formula exist (see [14] ). We summarize some of them below. Theorem 1.1 (Lagrange's Inversion Theorem [14] ) Suppose that a formal power series w = w(t) is implicitly defined by the relation w = tφ(w), where φ(t) is a formal power series such that φ(0) = 0. Then,
Equivalently, for any formal power series F (t),
In terms of generating functions,
The above notation, i.e., [f (w)|w = g(t)], means replacing w by g(t) in f (w), and given any sequence (b n ), G(b n ) stands for its generating function G(b n ) = ∞ n=0 b n t n . A Riordan array is an infinite lower triangular array D = {d n,k } n,k≥0 defined by a pair of formal power series D = d(t), h(t) , for which
Here [t n ]g(t) denotes the coefficient of t n in g(t). Pascal's triangle is an example of a Riordan array. In this case,
One of the main results of the theory of Riordan arrays is the following theorem.
A Riordan array
In [16] , D. Rogers pointed out that proper Riordan arrays can be alternately characterized by a pair d(t) = n d n,0 t n , the generating function of the first column, and A(t) = a k t k , the generating function of the A−sequence, such that
If D = d(t), h(t) is a proper Riordan array, then ord (th(t)) k = k, for every k, where for any non-zero formal power series g(t) the order ord g(t) is the index of the first non-zero coefficient of g(t). Therefore, there exists a unique sequence (a k ), called the A−sequence of the Riordan array, such that h(t) = a 0 + a 1 th(t) + a 2 th(t) 2 + · · · [i.e., the formal power series A(t) = a 0 + a 1 t + a 2 t 2 + · · · , refered to as the generating function of the A−sequence, is such that h(t) = A th(t) ]. Multiplying by d(t) th(t) k , we obtain
and applying [t n ] to both sides, (6) follows. The converse is also true and we state it as the following theorem. 
for A(t) = G(a k ) = a k t k the generating funtion of the sequence (a k ). Moreover,
Proof. Since a 0 = 0, by Lagrange's Inversion Formula (1) with w := th(t), k = 1 and φ = A, (7) defines a unique formal power series h(t), for which (8) holds. We have to verify that given n,
for all k. By induction, suppose this holds for some n. Then,
Construction of a new Riordan array
We now describe a process of obtaining new Riordan arrays from a given Riordan array, which corresponds to eliminating rows from the original array, eliminating the first elements from the remaining rows, and shifting them to the left. For a fixed p we keep one of every p rows.
Theorem 2.1 Given a proper Riordan array {d n,k } n,k≥0 , for any integers p ≥ 2 and r ≥ 0, Proof. Let A(t) = a 0 + a 1 t + a 2 t 2 + · · · be as in (6) . If p = 2, for r = 0, 1 we havẽ
and, therefore,d
, where
By Theorem ??, {d n,k } n,k≥0 is a Riordan array and B(t) = A(t) 2 is the generating function of its A−sequence. If p ≥ 3 an iteration of the argument applies.
For example, beginning with Pascal's triangle, for p = 3 and r = 1, we obtain the Riordan array 
In what follows we use the generalized hypergeometric series, defined by
where (a) n stands for the Pochhammer symbol
The hypergeometric series is characterized by the fact that its constant term is 1 and, setting A n = (a 1 )n···(ap)n (c 1 )n···(cq)n t n , the ratio of consecutive terms is
.
In order to apply Theorem 2.1 we need the following result, which establishes an interesting connection between Riordan arrays and hypergeometric functions.
Theorem 2.2
If the generating function of the A−sequence of a proper Riordan array is A(t) = (1 + t) q , with q ∈ N, then h is the hypergeometric function
also given by
Moreover,
for every s ∈ R. Consequently,
and, therefore,
Proof. If A(t) = (1 + t) q , by (8), Theorem 1.3,
Therefore,
The series (13) is hypergeometric as its constant term is 1 and, setting A n = (qn+q)! (n+1)!((q−1)n+q)! t n , the ratio of consecutive terms is
Thus, (9) follows immediately.
Note that h(t) = Bq(t)−1 t , where B q is the generalized binomial series, given by
for which we have
for any real r (see [6] , page 201, and also [14] , where in Theorem 2.1 this is obtained from Lagrange's Inversion Theorem, using (3)). From (14) , by the same argument used for the series (13), it follows that, for any r ∈ R,
On the other hand, since h(t) = A th(t) = 1 + th(t) q = B q (t) q , replacing r by qs in (15),
we have (11) for any s ∈ R and, therefore, (12) holds.
Remark. From (15), we obtain the remarkable identity
for powers of a hypergeometric function, which is essentially contained in (5.60) of [6] but is not explicitly stated in the literature. Indeed, the literature does not refer to many instances in which a product of hypergeometric functions is also hypergeometric. In Section 5 we obtain two more identities involving a product of hypergeometric functions.
The Identities of Andrews
We now apply the procedure described in Theorem 2.1 of extracting new Riordan arrays from a given one to provide a new proof of some identities obtained by G. E. Andrews in [1] , namely
and
where (F n ) is the sequence of Fibonacci numbers, defined by F 0 = 0, F 1 = 1, and F n+2 = F n+1 + F n . Different proofs of (17) and (18) were given by H. Gupta in [7] and by M. D. Hirschhorn in [9] and [10] . They are all rather involved, though elementary, and they are specifically designed to deal with the case of Pascal's triangle. As indicated in [7] and [9] , identities (17) and (18) are equivalent to
respectively. In [2] G. E. Andrews proves these identities in the context of identities of the Rogers-Ramanujan type (see also [11] ). In [3] , identities (19) through (22), as well as several other similar identities for trinomial coefficients and Catalan's triangle, have been proved in a very elementary and direct way. We now prove (20) to illustrate how identities (19) through (22) can be obtained by a Riordan array technique. Replacing n by n − 1 in (20) , it suffices to show that
We start with a visualization of Pascal's triangle in which alternate rows have been removed and only non-vanishing binomial numbers are represented: 
i. e.,
In terms of the Riordan arrayd n,k = 2n n + k , n, k ≥ 0, we have
where
For Pascal's triangle the generating function of the A−sequence is 1+t, since
. Hence, by Theorem 2.1, the generating function of the A−sequence for {d n,k } is
Either using Theorem 2.2 or noting that it follows from (7) that h(t) satisfies
we obtain h(t) =
. Therefore, {d n,k } is the Riordan array characterized by the pair d(t), h(t) , where
By Theorem 1.2, S n given by (24) satisfies S n = [t n ] d(t)f (th(t)). Note that
Setting w := th(t), by (26) w and w −1 are the roots of the equation
Hence,
and, finally,
It is well known that both sequences of Fibonacci numbers F 2n and F 2n+1 satisfy the recurrence relation x n = 3x n−1 − x n−2 and have generating functions
respectively (see [12] , page 230). Hence, equation (28) implies that
from which (23) and (20) follow. Identities (19) , (21), and (22) can be obtained in a similar way. For (19) and (21) we eliminate the even-numbered rows of Pascal's triangle 
Further Identities
In this section, to illustrate the usefulness of the construction considered in Theorem 2.1, we apply it to obtain a few more identities via our Riordan array approach. Some of these identities are well-known, while others are not. We believe that identities (37) and (39) are new. We need one more property of Riordan arrays, which generalizes a well-known property of Pascal's triangle.
Theorem 4.1 If D = d(t), h(t) is a Riordan array, then for any integers
Proof. From (4), it follows that
One particular case of (29), for s = 1, is
where h(t) = h k t k . For example, in the case of Pascal's triangle, since h k = 1 for all k, we obtain the well-known identity
More generally, for Pascal's triangle, we have
and, therefore, (29) becomes
which is (5.26) of [6] , page 169, and contains (31) as a particular case. We now apply formulas (29) or (30) to Riordan arrays obtained by the method described in Theorem 2.1.
Example 4.1 For fixed integers p ≥ 2 and r ≥ 0, starting with Pascal's triangle and deleting p − 1 rows after each line kept, as described in Theorem 2.1, we obtain the Riordan array
This is a hypergeometric series. By the same argument used for the series (13), we get
For p = 2 and r = 0, 1, another expression in closed form for (32) is
r (see [14] , Corollary 2.2).
In this example, the function h is given by (9) or, equivalently, by (10) with q = p. Combining (29) and (12) it follows that n j=s
In the particular case s = 1, (33) becomes
and, finally, adding pn+r n−k+1 to both sides,
It would be nice to find a combinatorial interpretation for (34), since there are several interpretations for the generalized Catalan number
(see [6] , page 360, and [8] ).
Setting j = i + s, x = ps, y = pk − ps + r, and replacing n by n + k, identity (33) becomes
which is (5.62) of [6] . This array was introduced in [18] and has a nice interpretation in terms of pairs of paths on a lattice. On the bidimensional lattice Z 2 , consider all paths that start at the origin, consist of unit steps and are such that all steps go East or North. The length of a path is the number of steps in the path. The distance between two paths of length n with end-points (a n , b n ) and (a ′ n , b ′ n ), respectively, is |a n − a ′ n |. Two paths are said to be non-intersecting if the origin is the only point in common. Let B(n, k), for 1 ≤ k ≤ n, denote the number of pairs of non-intersecting paths of length n whose distance from one another is k. The array defined by d n,k = B(n + 1, k + 1) is called Catalan's triangle. It is shown in [18] that B(n, k) = k n 2n n−k and that
is a Riordan array and (25) is the generating function of its A−sequence. The first column of this triangle is formed by
n−1 is the n th Catalan number. We then have
For fixed integers p ≥ 2 and r ≥ 0, we consider the Riordan arraỹ
for which, by Theorem 2.1, the generating function of the A−sequence is A(t) = (1 + t) 2p . By Theorem 2.2, it follows that for the Riordan array (35) we have
From (29) 
for every integers s ≤ k ≤ n, p ≥ 1, and r ≥ 0. Identity (37) is probably new. From (7) it follows that h(t) satisfies th 2 − h + 1 = 0 and, therefore, h(t) =
. But this is precisely the generating function of the Catalan numbers, which form the first column of the triangle. Hence, The functionh is hypergeometric. By the same argument used for the series (13), we havẽ
